We investigate the unsteady hydrodynamic force of solid objects vertically entering water with an air cavity behind the falling body. Physical models are proposed to represent the force components corresponding to the body acceleration, the gravity and the velocity of the body and the fluid particles. The theoretical or numerical solutions of the physical models are presented to understand the evolution of the force components. The body-acceleration force component is expressed as the high-frequency added mass times the body acceleration. Near the undisturbed free surface, the added mass grows strongly with increasing the submerged depth. It tends to be steady after the submerged depth is greater than a few characteristic lengths. The gravity force component consists of an upward hydrostatic term and a downward dynamic term. Generally, the hydrostatic term, which is obtained by integrating the gravity term in the Bernoulli's equation over the wetted body surface, is much larger than the gravity force component. For the threedimensional bodies, the gravity force component is found to vary as a power of the submerged depth, where the exponent is about 0.83. The velocity force component is represented as the drag coefficient defined by the V-squared law, which is characterized by the body geometry. The drag coefficient may experience three successive stages with increasing the submerged depth.
I. INTRODUCTION
Solid objects entering a water (liquid) surface often involves large unsteady hydrodynamic loads and rapid deformation of free surface. The phenomena are of great interest to the study of seaplane landing, 1 ship slamming, 2 planning vessels, 3 air-to-sea projectiles, [4] [5] [6] [7] and the impacting of waves on solid structures. [8] [9] Even the relevant hydrodynamics play an important role in biological creatures walking on water. [10] [11] The initial stage of water entry, characterized by the jet flow on the body surface, has been widely studied. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] During this period, the hydrodynamic force on the body is dominated by the change rate of momentum of the added fluid mass, which can be related to the change rate of area of the wetted body surface. 1, 2, 24 If the water-entry speed is sufficiently large, an air cavity will be formed behind the falling body. 7 The cavity expands at the beginning and the gravity effect resists the expansion of the cavity causing its contraction and pinch-off (closure). 25 This stage involves two important aspects: (i) the evolution of the air cavity behind the falling body; and (ii) the hydrodynamic force on the body. The cavity dynamics of solid objects vertically entering the water surface have been extensively investigated, 4-6, 11, 24-32 since Worthington & Cole's work 26 . The hydrodynamic force on the body is essentially transient and it plays key role in modeling the projectile dynamics. Very few literatures can be found on the deep investigation of the transient hydrodynamic force, which is the focus of the present work.
Plesset & Shaffer studied the drag force of the steady cavity flow past symmetrical wedges. 33 A cavitation number of zero results in an infinite cavity, which corresponds to the limiting state of a wedge vertically entering the water surface with constant speed in a gravity-free environment. It was reported that the predicted drag coefficients of zero cavitation number agree well with experimental data. 34 May & Woodhull investigated the drag coefficients of steel spheres entering water vertically. 35 The drag coefficient was defined by the relation = drag/(0.5 ), where is the density of the water, is the velocity of the sphere, and R is the radius of the sphere. For the evaluation of the drag coefficient defined by the V-squared law, they suggested excluding all forces having a different independence on V.
Then the equation of motion of the body was expressed as
where M is the mass of the sphere, is the acceleration of gravity, ℎ is the submerged depth of the sphere, is the projected wetted area, is the cavity pressure and is the atmospheric pressure.
Their analysis used = 0.45 instead of the measured value 0.8 for the evaluation of the term, ℎ , giving satisfactory results. It implies that the force obtained by directly integrating the hydrostatic term in the Bernoulli's equation over the wetted body surface strongly overestimates the force due to the gravity effect, which is confirmed by Yan et al.
31
. The reason for this will be explained by the present work and the proper method for the evaluation of the force due to the gravity effect will be proposed.
The force due to the body acceleration, i.e. the added mass force, was neglected. It is safe because in their study the mass ratio defined by = / ( is the vertical added mass of the sphere and is estimated as /3) is as large as about 31 and the Froude number, = / , is sufficiently high.
The added mass force should appear as an independent term at relatively small mass ratios and Froude numbers. 32 Furthermore, the last term in Eq. (1) is due to the air flow and can be neglected at relatively small entry velocities. 32, [36] [37] In this work, the unsteady hydrodynamic force of solid objects vertically entering water with an air cavity behind the falling body is deeply investigated within the framework of potential flow. By neglecting the surface tension and the air flow, the hydrodynamic force is decomposed into the components corresponding to the following physics: i) the body acceleration; ii) the gravity; and iii) the velocity of the body and the fluid particles. Exact physical models are proposed to represent the force components. The physical models for the force components dependent on the body acceleration and the gravity are simplified by assuming a uniform air cavity, which gives good results. The numerical/analytical solutions of the physical models are presented for understanding the evolution of the force components. The key physical parameters of affecting the force components are explored and discussed in details.
II. DECOMPOSITION OF UNSTEADY FORCE
Consider a solid object with mass M and breadth 2c0 vertically impacting the still water surface with initial entry speed V0. The surface tension can be neglected provided that the Weber number = / ≫ 1. Viscous effects may be excluded within the short duration of the impact and for high Reynolds number = / . Further, we neglect the influence of the air flow. Then the impact is characterized by the body geometry, the Froude number = / , and the mass ratio = / . Here, the vertical added mass of the body can be estimated as 0.5 for twodimensional cases and 4 /3 for three-dimensional cases. boundary. In the two-dimensional space, a Cartesian coordinate system is adopted: the -axis is along the horizontal direction and coincides with the still water surface; the -axis is along the vertical direction in the center plane of the body and is positive upwards. In the three-dimensional space, a cylindrical coordinate system is adopted: the radial axis, r-axis, is parallel to the still water surface; the -axis coincides with the symmetrical axis of the body and is positive upwards. These notations and coordinate systems are used throughout the paper.
Assuming that the flow is irrotational and the water is incompressible, the water flow can be well represented by the potential-flow model. 30, 37 The velocity potential satisfying Laplace's equation
is introduced. The local velocity is given by = ∇ . On the wetted body surface, , the impermeability boundary condition holds
where is the interior normal to the boundary surface. The water velocity far away from the body should vanish
On the free surface, , fully nonlinear kinematic and dynamic boundary conditions are satisfied
Here, is the position vector of the water particle and the operator, : = + ∇ • ∇, is the substantial derivative following the water particle on the free surface. Based on the Bernoulli's equation, the vertical force acting on the body is expressed as
4 / 32
The ⁄ term can be evaluated by solving the boundary value problem for the auxiliary function = ⁄ + • ∇ . It can be proved that the auxiliary function satisfies the Laplace equation
The Bernoulli's equation gives the Dirichlet boundary condition for on the free surface
On the body surface, the boundary condition for can be derived as
Far away from the body, should vanish = 0.
The solution of the function can be divided into three parts = + + . corresponds to the body acceleration and satisfies
corresponds to the gravity effect and satisfies
corresponds to the effect of the velocity of the body and the fluid particles and satisfies
Then the vertical force can be rewritten as
The acceleration term, denoted as ( ) , is proportional to the body acceleration and can be written as
where is the high-frequency added mass of the solid object in the vertical direction.
The gravity term, denoted as ( ) , consists of the 'hydrostatic' term ∫ and an additional term ∫ . The latter is called gravity-induced dynamic term, since the dynamic pressure component is induced by the gravity. The velocity term, denoted as ( ) , is related to the body velocity and the velocity field of the water on the deformed free surface and on the body. So far, the unsteady hydrodynamic force has been exactly decomposed into three parts corresponding to different physics. In the following section, these components of the unsteady force will be analyzed in details.
III. INVESTIGATION OF FORCE COMPONENT
The acceleration term ( ) , gravity term ( ) and velocity term ( ) are denoted as the a-term, gterm and v-term force respectively, which are investigated by the numerical and analytical methods.
A. Numerical model
The water-entry problem represented by Eqs. (2)- (6) can be solved by the single-fluid boundary integral method. 37, 40 Here, we outline the key steps of the two-dimensional numerical model and then generalize it for three-dimensional axisymmetric water-entry flows.
Using Green's second identity, the two-dimensional velocity potential can be represented in the boundary integral equation (BIE):
Here, ( , ) are the field point coordinates, ( , ) are the integration coordinates, = ( − ) + ( − ) , and n denotes the interior normal to the boundary ∂Ω of the water domain Ω. In the water, is equal to 2 . On ∂Ω, is the local interior angle of the boundary. The boundary The numerical model can be generalized to three-dimensional axisymmetric flows by just changing the boundary integral equation (16) to that for the three-dimensional axisymmetric flows, 39 i.e.
Here, is the axial coordinate, r is the radial distance, and ( , ) are the integration coordinates. The function G is defined as At each time step, the force components ( ) , ( ) and ( ) can be evaluated through solving Eqs. (12)- (14) by the boundary integral method. Fig. 2 illustrates the evolution of the vertical unsteady force for the water entry of the wedge corresponding to Wang et al. 's experiment. 37 The wedge with a deadrise angle of 30 o falls vertically into the calm water with an initial entry speed of 2.5m/s. The half breadth of the wedge is 0.083m and the mass 32.3kg/m. These parameters correspond to = 2.77 and the mass ratio of 3. The v-term force is dominant at the beginning and is decreasing with increasing the submerged depth, which is consistent with the deceleration of the wedge. The g-term force increases with the growth of the submerged depth and cannot be neglected when the wedge is deeply submerged. The 'hydrostatic' component strongly overestimates the g-term since the 'dynamic' component results in a significant downward force. The a-term force, i.e. the added mass force, seems negligible compared to the sum of the v-term force and the g-term force. After the closure of the cavity, the air compressibility matters resulting in the oscillation of the hydrodynamic force, which is beyond the scope of this work. Fig . 3 illustrates the evolution of the vertical unsteady force for the water entry of the cone with the same parameters. We note that the mass ratio for the cone is defined by = /(4 0 3 /3) and is 3.
The evolution of the unsteady force for the cone is similar to that for the wedge. It has a higher percentage of g-term force with increasing the submerged depth. Fig. 4 . We will show that the g-term force is not sensitive to the cavity configuration and is well approximated by the simplified model. It should be noted that similar simplified models will be used for the g-term force of different body geometries and also for a-term forces. Here, the parameters a, C1, and C2 are determined by (0) = −i( tan + ℎ) , (−1) = − − iℎ, (1) = − iℎ, (− ) = − , and ( ) = . Then, we have
On the -plane, satisfies the Laplace equation and the following boundary conditions 
i.e. the vorticities on the line segment of (| | < 1, 0). The vortex strength ( ) is obtained by solving the following integral equation
The solution for the homogeneous problem, corresponding to the right-hand-side of the above equation equal to zero, is / 1 − . Here C is a constant and should be determined by some condition. Note that the distribution of the vortex strength is antisymmetric. It results in C=0. Let's change the variables as follows: = − cos , = − cos , and ( ) = ( ) sin . Then, we have an integral equation
(cos ) .
Inserting the Fourier expansion,
into Eq. (28), we obtain
This will require the evaluation of the Glauert integrals
Then the integral equation (30) becomes
The coefficients of the above Fourier series can be expressed as
So far, we have the vortex distribution
The velocity potential on the body can be obtained:
The total velocity potential becomes
Thus, the vertical hydrodynamic force due to the gravity effect is written as
(cos )
The series in the above equation converge very fast. The approximation,
is very close to the exact solution. Fig. 6 presents the solutions of the g-term forces at different deadrise angles. A larger deadrise angle results in a higher g-term force for a given submerged depth. Asymptotically ( → ∞, corresponding to an infinite cavity), we have
where, ( ) = 1/ ∫ (cos ) force is not sensitive to the cavity shape. The key physical parameters of affecting the g-term are the projected wetted area, the submerged depth and the body geometry. It notes that ( ) (ℎ = 0) is equal to the weight of the water displaced by the body. Excluding this, the g-term force is not sensitive to the body geometry near the still water surface. The body geometry has a significant influence on the g-term force when the body is deeply submerged.
(a) = 30 
The parameters a and C2 are determined by (1) = − iℎ and ( ) = , which results in
K is the complete elliptic integral of the first kind and E is the complete elliptic integral of the second kind. a is the root of the following equation
The coefficient becomes
sin(2 − 1) .
The velocity potential on the body is
Further, the vertical force due to gravity can be expressed as Integrating over the wetted body surface will result in the 'dynamic' component in the g-term force. By including the 'hydrostatic' component, the g-term force is expressed as
Excluding the weight of the water displaced by the body, i.e. tan /3, the g-term force is assumed to be ( ) = ℎ .
The numerical solutions, of the simplified model for the g-term force of the cones, at 1 < ℎ < 10, are presented in Fig. 9 , where
It can be seen that the g-term force indeed follows Eq. (51) and the coefficient, , corresponding to the slope of the solid line, is nearly independent on the deadrise angles. The coefficients, and , at different deadrise angles are presented in Table 1 . Similar to wedges, a larger deadrise angle results in a higher g-term force at a given submerged depth. Circular cylinder. Fig. 12 illustrates the water entry of circular cylinders. The flow separates from the body at the angle of . The steady cavity flow, past the circular cylinder, at zero cavitation number, results in the separation angle of about 55 and an infinite cavity. 34 It corresponds to the limiting state of a circular cylinder vertically entering the water surface with constant speed in a gravity-free environment. This section studies the g-term force at the flow separation angle from 55 to 90 , based on the simplified model assuming a uniform cavity behind the falling body. Fig. 13 shows the half of the simplified model, where the reference length is the half of the maximum wetted length equal to sin . Fig. 12 . Sketch of the water entry of a circular cylinder. is the radius of the circular cylinder. is the separation angle. given flow separation angle of the circular cylinder, there is a wedge with some deadrise angle resulting in the good approximation of the g-term force. Table 2 suggests using the g-term force of the wedge of the deadrise angle of to approximate that of the circular cylinder with the flow separation angle of . Sphere. The g-term force of spheres is estimated by the simplified model presented in Fig. 13 . The solutions of the simplified model may also follow Eq. (51), which is confirmed by the log-log plot of the g-term force over ℎ as shown in Fig. 15 . The coefficients, and , at the flow separation angle from 55 to 90 are presented in Table 3 . It is observed that is weekly dependent on the flow separation angle and is close to that of cones. shows that the hydrostatic force strongly overestimates the force due to the gravity effect. May & Woodhull's approximation is close to the present solution throughout the early part of the sphere's trajectory, where the drag coefficient is reasonably constant and was studied. 35 
C. a-term force
The a-term force is proportional to the body acceleration and can be written as
represents the high-frequency add mass of the body in the vertical direction and is expressed as
, where is the solution of the following equations is expressed as
It is easy to verify (ℎ = 0) = /2 for = 0 , which is exactly the high-frequency added mass of the flat plate. Letting ℎ → ∞, we have → ∞ and ( − (cos ) ) / ≈ . Then, the added mass
The added mass of ℎ = 0 and ℎ = ∞ from = 0 to = 80 is presented in Fig. 18 . Circular cylinder and sphere. The simplified model for estimating the added mass is presented in Fig.   24 , where the reference length is the half of the maximum wetted length equal to sin . The flow separates from the body at S resulting in the flow separation angle of . A uniform cavity is assumed behind the body. An image flow above the undisturbed free surface is introduced. The evolution of the vertical added mass of circular cylinders/spheres can be shown being similar to that of wedges/cones: with increasing the submerged depth, the added mass grows strongly near the undisturbed free surface and quickly approaches the value of ℎ = ∞. Table 4 presents the dimensionless added mass of circular cylinders and spheres on the still water surface, i.e. ℎ = 0 and at a deeplysubmerged depth of ℎ = 20. ̅ = 1, i.e. = /2 for circular cylinder and = /3 for spheres, can be used as the first approximation of the added mass at any submerged depth. 
D. v-term force
Through the definition of the v-term force, i.e. 
When the water-entry problem is solved in the time domain by the fully-nonlinear model presented in Section A, ( ) and ( ) can be evaluated by the boundary integral method based on the exact freesurface boundary at each time step, resulting in the numerical evolution of ( ) , ( ) and ( ) . Worthington & Cole's work 26 . Here, we only outline several aspects for the further discussion. If the water-entry speed is sufficiently large, an air cavity will be created behind the falling body. 7 The cavity expands at the beginning and the gravity effect resists the expansion of the cavity causing its contraction and pinch-off (closure). 25 This procedure is illustrated by Fig. 27 . The slenderness of the closed cavity is characterized by the ratio, 2 / . In general, larger mass ratios of the falling body result in slenderer closed cavities. 32, 40 Fig . 27 . Illustration of the evolution of the air cavity for a wedge vertically entering the water surface until the cavity pinch-off. The slenderness of the closed cavity is characterized by the ratio, 2 / .
For the velocity-drag coefficient defined by the V-squared law, the non-dimensional boundary condition, i.e. [− ( • ∇ )/ ]/ , should be considered. It can be shown that,
for wedges. Here refers to the tangential direction. The right-hand side of Eq. (59) is times the variation of the dimensionless tangential velocity along the wetted body surface. At the apex of the wedge, the dimensionless tangential velocity is fixed to be − sin throughout the water-entry process. Near the still water surface, the water particle leaves the knuckle point somehow 'freely'. For smaller deadrise angles, both and the detaching speed are larger, resulting in the stronger variation of the dimensionless tangential velocity and therefore greater . At the very early stage, the gravity effect is commonly negligible. So, the flow is not sensitive to the mass ratio and Froude number and (ℎ = 0)
can be regarded to be a constant for a given body. With increasing the submerged depth, the effect of the surrounding water constraining the detaching speed becomes stronger, which leads to the weaker variation of the dimensionless tangential velocity and therefore the decreasing of . This effect tends to be steady after the submerged depth is greater than a few characteristic lengths. the variation of the tangential velocity becomes closer to the theoretical value, 33 corresponding to closer to the theoretical value. At the pinch-off of the cavity, the variation of the tangential velocity is strong especially for the small mass ratio, which results in the large value of . The experiments by Aristoff et al. 32 showed: the flow separation angle, for the steel spheres, at the Froude numbers 1 < / < 10 , is about 70 before the pinch-off; the flow separation angle, for the spheres made of polypropylene or nylon (corresponding to relatively small mass ratios), is also about 70 at the early stage but can become larger than 90 close to the pinch-off. Here, we only discuss the evolution of the velocity-drag coefficient of steel spheres, of which the flow separation angle can be regarded to be constant. The mass ratio of steel spheres, /( /3), is as large as about 31. Further, the flow separation angle of 65 or larger make the steel sphere behave like the cone with a relatively large deadrise angle. Based on the previous study, we expect the following: decays quickly at the early stage and it goes to the second after the submerged depth is larger than a few characteristic lengths ;
is very close to the limiting value of 0.30-0.31 34 at the second stage; the duration of the second stage is longer for the higher Froude number; the contraction of the air cavity results in the growth of .
These are confirmed by the numerical solutions of the fully nonlinear model presented in Fig. 30 . 
IV. CONCLUSIONS
This work investigated the unsteady hydrodynamic force of solid objects vertically entering water with an air cavity behind the falling body within the framework of potential flow. The unsteady hydrodynamic force is exactly decomposed into three components, i.e. the acceleration term ( ) , the gravity term ( ) and the velocity term ( ) . The acceleration term is equal to the high-frequency added mass times the body acceleration, i.e. ( ) = − ̇. The gravity term consists of a hydrostatic term and a dynamic term. The hydrostatic term is obtained by integrating the term, − , in the Bernoulli's equation over the wetted body surface, is upwards, and strongly overestimates ( ) . The dynamic term is downwards. The added mass and the gravity term can be well estimated by the proposed simplified models, which assume a uniform cavity behind the falling body. Near the undisturbed free surface, the added mass grows strongly with increasing the submerged depth. It tends to be steady after the submerged depth is greater than a few characteristic lengths (the characteristic length, , is defined as half of the wetted breadth). The solution of the added mass of different geometries, at the still water surface and deeply submerged, is presented. The added mass can be approximated as = /2 for the circular cylinder and the wedge with small deadrise angles, = 4 /3 for the cone with small deadrise angles, and = /3 for spheres. The key physical parameters of affecting the gravity term are the projected wetted area, the submerged depth and the body geometry. The gravity term is proportional to the projected wetted area. Excluding the buoyance, i.e. the weight of the water with the volume of the wetted body, the gravity term is not sensitive to the body geometry at small submerged depth, but it is strongly influenced by the body geometry at large submerged depth. The analytical solution of ( ) of the wedge with any deadrise angle is presented. Asymptotically (ℎ → ∞), ( ) is proportional to the square root of the submerged depth. For the three-dimensional bodies, the dimensionless gravity term follows ( ) = ℎ , where ℎ = ℎ/ and is about 0.83. The velocity term is represented as the drag coefficient, = ( ) /(0.5 ), which is characterized by the body geometry. The submerged depth and the cavity shape influence the drag coefficient through modifying the velocity field near the wetted body. The evolution of the drag coefficient can be divided into three stages: i) near the still water surface, decays strongly with increasing the submerged depth; ii) after the submerged depth is greater than a few characteristic lengths, evolves gently and is reasonably constant; and (iii) grows due to the contraction of the air cavity. at the second stage becomes closer to the limiting value, which corresponds to the steady cavity flow at zero cavitation number. Larger mass ratios and/or higher Froude numbers result in the longer period of the second stage. Smaller mass ratios can lead to the dramatical growth of close to the pinch-off of the open cavity.
